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ABSTRACT. A geometric construction is presented to visualize the structure of
solvable algebraic epimorphic subgroupsH of SLn(C) or SLn(R) which are nor-
malized by a maximal torusT. In particular, we classify all such minimal sub-
groups up to conjugacy. The unipotent radicals of suchH correspond to trees on
n vertices, and their maximal subtori to points in a subset of the Tits boundaryB
of T, determined by a natural embedding of the tree inB.

Examples are given forn = 2, . . . ,6. The same construction applies to other
semisimple groups, with the tree replaced by a more complicated combinatorial
object.

A subgroupH of an algebraic groupG over some field is calledepimorphic(de-
notedH <e G) if in any (finite-dimensional) representationG→GL(V) any vector
v fixed byH is fixed by all ofG. The concept was introduced by Bergman in 1970,
and has recently been studied, along with the “opposite” property of observability,
by Bien and Borel in [BB1, BB2, BB3] and by Grosshans [Gro]. There are various
equivalent representation-theoretic conditions.

Recently, epimorphic subgroups have proved useful in the study of group actions
on (real) manifolds and homogeneous spaces preserving geometric structures, e.g.,
[Per] and [Moz, Wei].

We consider the base fieldF to be either eitherC orR. The following properties
of epimorphic subgroups are well known:

1. If H < H ′ < G andH <e G, thenH ′ <e G.
2. If H <e G, then a solvable subgroupH ′ < H is epimorphic inG. By a result

of Bien and Borel, ifF=R andG is generated byR-unipotents (for instance,
G is semisimple with no compact factors), thenH ′ is split.

3. H <e G if and only if the Zariski closure ofH is epimorphic inG.

Accordingly, it is important to understand the structure of minimal algebraic epi-
morphic subgroups, which are necessarily solvable.

Necessary and sufficient root-space conditions for epimorphicity are known
when a solvable algebraic subgroup contains, or is at least normalized by, a maxi-
mal torusT. In this paper we restate these conditions in terms of graphs (trees) and
the Tits boundary ofT, in a way which lets us classify all examples, especially the
minimal ones.

The structure of non-T-normalized solvable algebraic epimorphic subgroups
(i.e. of the formH = SU with S a torus normalizing a unipotent groupU which
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is not normalized by any maximal torusT > S) is more complicated and poorly
understood. However, many and possibly all (see Section 5.2) non-T-normalized
solvable epimorphic subgroupsH <e Gare constructed from maximal-torus-normalized
epimorphic subgroups of subgroups ofG, so understanding the structure in theT-
normalized case is of interest in the more general setting.

1. STATEMENT OF RESULTS

Let G = SLn(F) andT be a maximal torus.

Theorem 1.1(Main result). Let H = SU represent a solvable algebraic subgroup
normalized by T , where S is a subtorus of T and U is the unipotent radical. There
is a natural one-to-one correspondence between

1. U such that H<e G is minimal, up to conjugation by the Weyl group, and
2. treesτ on n vertices, up to isomorphism.

There is a further one-to-one correspondence between

1. S (necessarily one-dimensional) such that H<e G is minimal, and
2. points in a convex subset of the Tits boundaryB of T determined by the

natural embedding of the treeτ in B. (See Section 4.1 for details and Figure 3
for an example.)

Corollary 1.2. For n≥ 4, there are several distinct classes of minimal algebraic
epimorphic subgroups of SLn with nonconjugate unipotent radicals, and the num-
ber of such classes grows very rapidly with n.

This extends results in [BB1, BB3], where the example corresponding to the
straight-line tree is constructed algebraically (for any semisimpleG, not justSLn).

The unipotent part of Theorem 1.1 specializes from the following, whereB > T
is a fixed Borel subgroup:

Theorem 1.3. There is a natural one-to-one correspondence between

1. minimal solvable algebraic subgroups H<e G such that T< H < B.
2. trees on n vertices, with the vertices numbered subject to the condition(†)

that no sequence of 3 adjacent vertices is increasing or decreasing, (i.e., the
path fragment1—3—4 is not allowed, but1—4—3—5 is).

Theorem 1.4. There is a natural one-to-one correspondence between

1. solvable algebraic subgroups H<e G such that T< H < B (H not necessarily
minimal).

2. connected graphs on n numbered vertices1, subject to the condition(‡) that
whenever vertices v and w are joined by a path along which the vertex num-
bers are all increasing (or decreasing), then v and w are joined by an edge.

1Our graphs have non-directed edges between distinct vertices and two vertices are joined by at
most one edge.
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The unipotent radicalU of H can be read off the vertex numbering, with an
edgevw (with v < w in the ordering) corresponding to the elementary subgroup
Fevw < H whenB is taken to be upper triangular. The effect of a Weyl conjugation
σ is to permute the numbers of the vertices, withσ(H) < B provided the numbering
constraints on the graph remain satisfied.

The Tits boundary construction in the second part of Theorem 1.1 also general-
izes to nonminimalH (Section 4.2). The size of the convex subset inB measures
the amount of flexibility in choosingS< T so thatSU is epimorphic.

For the rest of this paper, we omit the word “algebraic” in “algebraic subgroup”,
though it remains always understood. The applicability of our results to more
general semisimpleG, and to non-T-normalizedH, is discussed in Section 5.

2. THE CASET < H < B

2.1. Proof of Theorems 1.3 and 1.4.It is convenient to use the Lie algebrast ⊂
h ⊂ g = sln corresponding toT < H < G, etc. Letg = t⊕

⊕

i 6= j gi j be the root
space decomposition withgi j = Fei j . Let n =

⊕

i< j gi j , the nilpotent part of the
standard Borel subalgebrab = t⊕n.

Lemma 2.1. Let h′ ⊂ n be an(adt)-invariant subspace. Thenh′ is the direct sum
of some of thegi j (i < j).

Proof. If h′ contains any elementx which has a nontrivial component in somegi j ,
then(adt)x containsgi j , i.e., all the other components can be annihilated and the
whole spanFei j obtained. Containment inn implies i < j.

This allows us to define a mapping

G : {(adt)-invariant subspaces ofb} −→ {graphs onn numbered vertices}
as follows: in the graphG(h), the verticesk < l are joined by an edge iffgkl ⊂ h.
The mapping is clearly onto, and the fibers are isomorphic to the set of subspaces
of t. We now restrict to the caset⊂ h so thatG is one-to-one.

Lemma 2.2. h is a subalgebra iffG(h) satisfies condition(‡) of Theorem 1.4.

Proof. Supposei < j, k < l , andi ≤ k. Then[gi j ,gkl] = gil if j = k, else 0. Thus
h is a subalgebra iff for any “Lie bracket string”[. . . [[gab,gbc],gcd] . . . ,gyz], with
a< b< · · ·< z, we havegaz⊂ h. The precise placement of the inside brackets (i.e.
the order of applying brackets within the string) does not matter, since one of the
terms in the Jacobi identity always vanishes.

The existence of a path along which the vertex numbers all increase (or all de-
crease) is equivalent to the existence of a string as described, and the existence of
an edge between the endpoints of this path is equivalent to the iterated Lie bracket
of the string being inh.

Proposition 2.3(Pommerening [Pom], [BB1, BB3], [Gro, Lemma 3.11]). The epi-
morphic solvable subgroups H of a semisimple group G, with T< H, are of the
form H = TUΨ, where UΨ = 〈Uα |α ∈Ψ〉. HereΨ is a subset of the positive roots
with respect to T , such that〈T,Uα,U−α |α ∈Ψ〉= G.
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Lemma 2.4. The subalgebrah is epimorphic ing iff G(h) is connected.

Proof. It is necessary and sufficient thatgi j for any i 6= j be represented as a Lie
bracket string of variousgkl or glk wheregkl ⊂ h (and hencek < l ). This is equiva-
lent to i and j being joined by a path inG(h).

This proves Theorem 1.4. We henceforth write interchangablyG(h) = G(H) =
G(Ψ) whenH = TUΨ.

To complete the proof of Theorem 1.3 it suffices to prove the following

Lemma 2.5. An epimorphic subalgebrah is minimal (i.e., contains no proper sub-
algebra which is epimorphic ing and still containst) iff G(h) is a tree satisfying
condition (†).

Proof. It is clear that minimality implies that the graph be a tree, in which case
condition (‡) becomes condition (†). Conversely, a tree with condition (†) satisfies
condition (‡) and no more edges can be removed without disconnecting the graph.

2.2. Weyl conjugation. The effect of a Weyl conjugationσ is to rearrange the
order of the rows and columns ofsln (andh), which corresponds to renumbering
the vertices ofG(h). In general, Weyl conjugation does not preserveb, and in this
case the correspondence given byG breaks down, sinceσ(h) will contain somegi j

with i > j, while G−1(σ(G(h))) will containg ji . However, providedσ(h) remains
in b, this does not occur. Thus we can classify the epimorphich ⊂ b containingt
by just “forgetting the vertex numbering”. Hence to prove Theorem 1.1, in the case
thatT < H, is suffices to prove the following

Lemma 2.6. Any tree can be numbered in accordance with Condition(†).

Proof. We prove any tree withn vertices can be numbered fromk to (n+ k−1)
for any k, by induction onn. It is clear forn = 1 andn = 2. Now take a larger
tree and choose any vertex. Label itk. Label the vertices joined tok as(n+k−1),
(n+ k− 2), . . . . Now remove the numbered vertices, leaving one or more trees
with fewer vertices. By induction, label these starting at(k+1).

Consider the paths we just created. They are of two forms. The first isk— s—
t — r, with t — r being given by the induction step (r,s, t are placeholders). Now
k < s, t < r, andt < s by construction, satisfying the numbering condition. The
second isr ′ — t ′ — s— t — r (k is adjacent tos, but is not in this path) witht — r
andt ′ — r ′ given by the inductive step. Again,t < r, t ′ < r, t < s, andt ′ < s, so
Condition(†) is satisfied and the numbering is complete.

2.3. Counting the types; examples.The number of conjugacy types of minimal
U , and hence of minimal epimorphicT < H < B, is the the numberCn of isomor-
phism types of trees onn vertices. This can be computed (nontrivially) via gener-
ating functions, for instance, [HP, section 3.2 and Table A7]).Cn > 1 for n≥ 3 and
increases very rapidly withn, for instanceC10 = 106 andC20 = 823,065.

The possible tree types forn = 2, . . . ,6 (corresponding to minimal solvable epi-
morphic subgroups ofSL2 throughSL6 containingT), with the vertices numbered
in one possible way to satisfy Condition(†), are shown in Figure 1.
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FIGURE 1. Tree types forSL2 throughSL6 (all tree types, with
one numbering satisfying Condition(†) for each)
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In particular, in anySLn we have the epimorphic subgroup

H =











∗ ∗
∗ 0 ∗

. ..
...
∗











corresponding to the hub-and-spokes tree numbered as in the Figure.
Bien and Borel construct the following example2 ([BB1][BB3, Prop. 2.9]), in

any semisimple groupG. Choose a set of simple roots∆ and partition it into 2
partsI andJ so that elements ofI (respectivelyJ) are mutually orthogonal. Then
let H includeT and the root spaces inI ∪−J. It turns out that this is a subgroup
and is epimorphic, though it does not lie in the Borel subgroup determined by
∆ being positive. InSLn, this construction corresponds to taking an off-diagonal
and flipping each second entry across the diagonal. It is clear (sinceG “forgets”
the flipping) that after a suitable Weyl conjugation to end up upper triangular, this
example corresponds to the straight-line tree.

3. THE T-NORMALIZED CASE AND SUBTORI

Now we relax the condition thatt⊂ h to h only being(adt)-invariant, i.e.H is
normalized byT. Proposition 2.3 generalizes to

Proposition 3.1(Pommerening [Pom], Bien-Borel [BB3]). The epimorphic solv-
able subgroups H of a semisimple group G, such that H is normalized by T , are
of the form H= SUΨ, where UΨ is as in Proposition 2.3, and S< T satisfies the
following condition: the onlyλ ∈ X(T) such that(λ,α)≥ 0 for all α ∈Ψ and such
that λ|S= 0, is λ = 0.

In particular, this means that the graph constructionG in Section 2.1 is mean-
ingful and depends only onΨ.

3.1. Identifying minimal tori. The following proposition reformulates Proposi-
tion 3.1 and generalizes the subtorus construction in example [BB3, Prop. 2.9].

Proposition 3.2. The minimal epimorphic solvable subgroups H of a semisimple
group G, such that H is normalized by T , are of the form H= SUΨ, where

1. UΨ is as in Proposition 2.3 and minimal, and
2. S is any one-dimensional torus intersecting the subset

C (Ψ) = {s∈ T |α(s) > 0 for all α ∈Ψ}.

One possibleS is the “diagonal” torus defined by the relationsα|S= β|S for all
α,β ∈Ψ, or S=

⋂

Ψ ker(α−β). In general,Smay be regular or singular.

2Actually, their example is for a minimalT-normalized group, but for the moment we treat only
the unipotent radical.
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Proof. SinceG = 〈T,Uα,U−α〉α∈Ψ, we haveZ[Ψ] = Φ(T,G), the root lattice, and
R[Ψ] = Φ(T,G)⊗R. SinceH is minimal,Ψ must be minimal, and henceΨ forms
a basis forΦ(T,G)⊗R. Any λ∈X(T) such that(λ,α)≥ 0 for all α can be written
as a sum of theα with nonnegative coefficients. The result now follows from the
following lemma, letting theα be theei , λ be f , ands beL.

Lemma 3.3. Let V be a (finite dimensional)R-vector space,{ei} a basis for V∗,
and Q⊂V the cone (quadrant) in V defined by ei(v)≥ 0 for all i.

1. Let w∈Q◦ and L=Rw. Then the only f∈V∗ such that f|Q≥ 0 and f|L = 0
is f = 0.

2. Let W⊂V be a linear subspace such that W∩Q◦ = /0. Then there exists a
f ∈V∗ such that f|Q≥ 0, f |W = 0, but f 6= 0.

Proof. This is elementary linear algebra. IfW⊂ kerei , then takef = ei . Otherwise,
up to a linear transformation onV preservingQ (given in terms of theei by an
invertible matrix with nonnegative coefficients), we can suppose thatw= ∑e∗i , and
thatW = L⊥. Then in part 1,f ∈Q∗ and f |L is (a nonnegative multiple of) the sum
of the coefficients off in terms of the basisei , and this is positive unlessf = 0. In
part 2, let f = ∑ei and thenf |W = 0 by construction.

Corollary 3.4. All minimal epimorphic T-normalized subgroups of SLn are solv-
able of unipotent dimension n−1 and total dimension n.

It is clear that no such subgroup can have lower dimension, but not obvious with-
out the above classification that all minimal ones have precisely this dimension.

4. THE TITS BOUNDARY AND THE SIZE OFC (Ψ)

4.1. Minimal UΨ. We canonically embed bothG(Ψ) andC (Ψ) in Pn−2 via the
Tits boundary at infinity ofT < SLn (i.e., the apartment corresponding tot in the
Tits building of SLn). First, we embed inB ′ = Sn−2, the space of directions “at
infinity” in the root spacêt = Φ(T,G)⊗R, which is dual totR via the standard
pairing of α ∈ Φ(T,G) with Hα ∈ t. ThusB ′ = t̂/R+ = tR/R+. Denote either
projection moduloR+ by π.

In particular, following the notation of [FH], we consider the functionalsLi :
tR→ R which pick out theith diagonal entry inh. The±Li form the vertices of
two intersecting(n−1)-simplices centered at the origin int̂, and the positive roots
(with respect toB) are the pairwise differencesLi−L j with i < j.

Now, the subsetC (Ψ) ⊂ tR projects to a union of Weyl chambers “at infinity”
in B ′, together with their common walls. In fact,C (Ψ) must be convex since it
arose via a linear transformation from a cone (Q in the proof of Proposition 3.2).
A choice of one-dimensional torus in Proposition 3.2 corresponds to the choice of
one point inC (Ψ)⊂ B ′.

To embedG(Ψ) in B ′, proceed as follows. Ifi j is an edge withi < j, then map
it to the edge (wall) connectingπ(Li) with π(−L j) in B ′. By the distribution of the
Li in t̂, this realizesG(Ψ)⊂ B ′ in such a way that

1. For eachi, exactly one ofπ(±Li) is in the image, depending on the parity of
the path fromi to n in the tree.



8 MARTIN PERGLER

2. π(−Ln) is in the image, as opposed toπ(+Ln).
3. No edges cross, and the image is (topologically) a tree homeomorphic to

G(Ψ).

Proposition 4.1. In B ′, C (Ψ) is the intersection of the (open) hemispheres cen-
tered at the midpoints of the edges ofG(Ψ).

Proof. The midpoints of the edges are precisely the images inB ′ of theα∈Ψ. The
half-space{t ∈ t |α(t) > 0} is bounded by the hyperplaneα = 0 and contains the
image ofα under the duality oftR andt̂. Under projection toB ′, these half-spaces
become hemispheres, and by constructionC (Ψ) is their intersection.

Now, observe that a toruss intersectsC (Ψ) iff it intersects−C (Ψ). G(Ψ) could
be embedded equally well viaπ(−Li) and π(L j) instead ofπ(Li) and π(−L j),
generating the antipodal image. Thus the picture inB ′ = Sn−2 is actually a two-fold
cover of a picture in theprojectiveTits boundaryB = B ′/±= t̂/R× = tR/R×.

We remark that the apartment structure onB ′ can be interpreted in terms of par-
abolic subgroups ofSLn (containingT) reverse-ordered by inclusion. The Weyl
chambers correspond to the minimal parabolics, i.e., different Borel subgroups
containingT. Under this interpretation, the closure ofC (Ψ) consists of those
chambers (and walls) corresponding to the parabolics containingTUΨ.

4.2. Nonminimal UΨ. If TUΨ is non-minimal epimorphic (containingT), i.e.,
G(Ψ) is not a tree, it is clear that the appropriate definition ofC (Ψ), in order to
parametrize subtoriS such thatSUΨ is still epimorphic, is as follows:C (Ψ) =
⋃ C (Ψ′), the union over allΨ′ of Ψ such thatG(Ψ′) is a subtree ofG(Ψ).

The embedding ofG(Ψ) into B is more complicated, since in general the “par-
ity” of a vertex in the graphG(Ψ) is not well-defined. However, one can still
define an object inB ′ based onG(Ψ) by mapping an edgei j with i < j into the
pair of walls in B ′ which join π(Li) with π(−L j), andπ(−Li) with π(L j), respec-
tively. The image of this mapping consists of two intertwined image graphs which
are antipodes of each other, and which do not intersect except possibly on some
vertices. Because of the “parity” issue, the two image graphs inB ′ are not neces-
sarily homeomorphic toG(Ψ). However, the image in the projectionB ′ → B is
homeomorphic toG(Ψ), i.e. is a geometric realization. The remaining claims in
the following Theorem are now trivial.

Theorem 4.2. The graphG(Ψ) of the unipotent part of a T-normalized epimor-
phic solvable subgroup H= SUΨ has a realization in the projective Tits boundary
B of T . The possible subtori S are exactly those which nontrivially intersectC (Ψ)
at infinity. The images of bothG(Ψ) andC (Ψ) in B are the unions of the corre-
sponding images for all T -normalized epimorphic solvable subgroups of G which
lie in H.

Note that Proposition 4.1 no longer directly applies whenG(Ψ) is not a tree;
we must do the union-over-subtrees construction defined above. However, this
construction can be done in either lift ofG(Ψ) to B ′ and henceC (Ψ) is given by
the purely geometric data ofG(Ψ)⊂ B.
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This completes the proof of (a slightly more general form of) Theorem 1.1, and
thus of all the results stated in Section 1. Henceforth, we considerG(Ψ) andC (Ψ)
as realized (i.e. embedded) inB, unless we specify that we mean theabstractgraph
G(Ψ), which is as in Figure 1.

4.3. Example: SL3 and SL4. Figure 2 displays±G(Ψ) and±C (Ψ) embedded in
B ′ for the unique tree type forn = 3, numbered 1 — 3 — 2. In this special case,
G(Ψ) = C (Ψ), and is indicated by thick lines in the Figure. Weyl chambers are
drawn by straight lines and the numbers±k indicate the images ofL±k in B ′. The
rootsα12 andα13 determiningC (Ψ) are also shown.

Figure 3 displaysG(Ψ) andC (Ψ) embedded inB ′ for the two types of tree cor-
responding to minimal epimorphic subgroups ofSL4, numbered as in Figure 1. We
are looking at a hemisphere inB ′ centered at the maximal rootα14 corresponding
to the standard choice of the upper-triangular Borel subgroupB. The thin lines
divide this hemisphere into (straightened) Weyl chambers, and those marked with
a ? form C (Ψ). The thick lines indicate (a lift of)G(Ψ). The numbers are as in
Figure 2, but individual roots are omitted.

Weyl conjugation of course permutes the vertex numbers (equivalently translates
the diagrams inB), and the “shape” ofC (Ψ) depends only on the tree isomorphism
type ofG(Ψ).

Now consider the nonminimal epimorphic solvable subgroup obtained by taking
the union of the two trees in Figure 3, i.e., where the abstract graphG(Ψ) has 4
joined to 1, 2, and 3, and also 2 joined to 3. Figure 4 shows one of the two lifts
into B ′ of G(Ψ) andC (Ψ). We remark that while the abstract graphG(Ψ) and its
realization inB have a ring formed by vertices 2, 3, and 4, the lifts ofG(Ψ) in B ′

do not.

4.4. Size ofC (Ψ). By the size ofC (Ψ) we mean the fraction of “random” one-
dimensional toriS which, for a givenΨ, will generate an epimorphic subgroup
SUΨ. This is equal to the proportion ofB covered byC (Ψ). We see from Figure 3
that this depends on the tree type ofG(Ψ) (graph type ifΨ is not minimal). Loosely
speaking, this proportion is determined by the “compactness” ofG(Ψ) in B.

Corollary 4.3. C (Ψ) is the largest (among minimal epimorphic subgroups) when
G(Ψ) is the hub-and-spokes tree and the smallest whenG(Ψ) is the straight-line
tree.

Proof. We investigate how much ofB ′ is thrown away by each edge in Proposi-
tion 4.1. Number the edges ofG(Ψ) in some ordere1, . . . ,en−1, such that all the
subgraphse1, . . . ,ei are connected. LetCi be the intersection of the hemispheres
determined bye1, . . . ,ei , so thatC (Ψ) = Cn−1. Clearly, the reduction in size from
Ci to Ci+1 is minimal exactly when the midpoint ofei+1 is the closest possible to the
midpoints ofe1, . . . ,ei , which happens precisely when all theei share a common
vertex, i.e., the hub-and-spokes tree.

The reduction in size is maximal when eachei shares a vertex with only one of
the previousei ’s, which is the straight-line tree.



10 MARTIN PERGLER

FIGURE 2. Tits boundary diagram of the minimal epimorphicT-
normalized subgroup ofSL3
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FIGURE 3. Tits boundary diagrams for minimal epimorphicT-
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The size ofC (Ψ) is of course larger whenΨ is not minimal. WhenUΨ is the
full upper-triangular group,Smay be “almost any” torus. The only exception oc-
curs whenS is in the kernel of the longest root. In this case, we obtain the Borel
subgroup of the quasi-parabolic subgroupQ1n = 〈kerT α1n,Uλ |(λ,α) ≥ 0〉, and
Q1n is the largest subgroup in which this Borel subgroup is epimorphic. In fact,
such quasi-parabolic subgroups are precisely the maximal nonreductive observ-
able3 subgroups ofSLn (see [Suk] or [Gro, Sections 3 and 7]).

We see from Figures 2 and 3 that the size ofC (Ψ) is 2/3 for the unique tree type
in SL3, and 5/12 and 1/2 for the straight-line and hub-and-spokes trees respectively
in SL4.

5. EXTENSIONS

5.1. Other semisimple groups.The principles behind the constructions in this
paper apply equally well to other semisimple groupsG thanSLn. The difference is
that more complicated Dynkin diagrams translate into different edge- and vertex-
labellings, as well as connectedness conditions, on the (abstract) graphG(U), now
best considered as some sort of more complicated combinatorial object. Thus the
graph-theoretic side of Theorem 1.1 is more complicated, and less useful, to artic-
ulate. We can still, however draw various qualitative conclusions:

1. As long as some simple factor ofG has rank≥ 3, there are numerous conju-
gacy types of unipotent radicals of minimal solvableH <e G, and the number
of types increases with rank.

2. The freedom in choosing subtoriS, such thatSUΨ is epimorphic, varies
depending on the “compactness” of a graph-theoretic representation ofΨ.
There are specific “most-compact” and “least-compact” minimal types (cor-
responding to the hub-and-spokes and straight-line trees forSLn).

If G is a product of simple factors, the graphG(Ψ) will have several connected
components, but the torus structure ofT-normalized (rather thanT-containing)
subgroups is complicated by the nonsimplicity. This is shown by the example

[Wei], H =
(

a b
0 a−1

)

×
(

a c
0 a−1

)

< SL2×SL2.

5.2. Normalized-generated epimorphic subgroups.Already inSL3, there is an
(essentially unique) non-T-normalized minimal epimorphic solvable subgroup ([Moz]),
whose Lie algebra is generated by

D =





2
0

−2



 , X =





0 1
0 1

0



 , Z =





0 0 1
0 0

0



 .

Here,D andX generate the (epimorphic) Borel subalgebrab in a copyj of sl2 such
thatj andZ generatesl3.

Larger non-T-normalized examples can be generated in higher-rank semisimple
G by replacingJ by higher-rank semisimple subgroupsG′ and 〈expsD,exptX〉

3H < G is observable if it is the stabilizer of a vector in some linear representation ofG, equiva-
lently if the largestH < L < G such thatH <e L is L = H itself.
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by an epimorphic subgroup ofG′ normalized by a maximal torus ofG′ (but not
necessarily a parabolic). This has prompted us (see [Per, Sections 3.2 and 3.4]) to
make the following

Definition5.1. SupposeG is a reductive Lie group andH <e G. Call H ng-
epimorphic(for normalized generated) if there exist subgroupsGi , i = 0. . .k, such
that 〈Gi〉i = G, G0 < H, and fori ≥ 1 eachGi is semisimple andGi ∩H contains
an epimorphic subgroup ofGi normalized by a maximal torus ofGi .

The results in this paper reduce the classification ofng-epimorphic subgroups to
that of generation of semisimple groups by semisimple subgroups, which depends
only on G. We have conjectured that all epimorphic subgroups of semisimple
groups areng-epimorphic and proved it for low rank ([Per, Conjecture 3.12, Sec-
tion 4]). All higher-rank examples known to the author from the literature are also
ng-epimorphic.
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