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Abstract

Supposes is a real algebraic group. We investigate which algebraic sub-
groups can arise as point stabilizers in affine connection preserving actions
on manifolds, and which subgroups have the property that their fixed points
in such actions are necessarily fixed by al(®f

Subgroups with analogous properties concerning invariant vectors of (fin-
ite-dimensional) linear representations are called observable and epimorphic,
and are of interest in representation theory. We prove that under certain hy-
potheses (conjecturally always) the classes of subgroups with the respective
properties coincide.

Techniques involve contrasting local dynamics and linearization of the
stabilizer representation of a connection-preserving action, and the structure
theory of epimorphic subgroups.
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0.1 Background

Supposés acts on a manifoli¥l, preserving some geometric structuweThe Zim-

mer program [Zim2] aims to relate (1) the group structur&pf2) the topology of

M, (3) the nature of the structute and (4) the dynamics of the action. Typically,

Gis a semisimple Lie group or a discrete subgroup of such. Examples of geometric
structures include Riemannian or pseudo-Riemannian metrics, invariant measures,
connections, and generalizations. Considerable progress has been made by many
researchers under various hypotheses. The study of certain isotropy subgroups has
proven crucial, but isotropy remains poorly understood in general. This paper pro-
vides some results on isotropy subgroups when the group action preserves an affine
connection.

SupposeH < G, whereG is an algebraic group (for us, ov& or C). H is
calledobservabléf it is the stabilizer of a vector in some finite-dimensional linear
representation o. H is calledepimorphicif any vector in a finite-dimensional
linear representation @ which is fixed byH is necessarily fixed by all &6. These
are “opposite” properties. Observable and epimorphic subgroups have been exten-
sively studied; in particular, observable subgroups have (essentially) been classi-
fied.

By analogy with the above, suppo&ds a (real) Lie group. Letus cal < G
c-observabldfor connectiorobservable), iH is the stabilizer of a point in &-
action on some manifolt¥l preserving an affine connection, and ddll< G c-
epimorphicif any point fixed byH in such aG-action is necessarily fixed by all of
G.

We conjecture the following

Conjecture 0.1 (Desired result). Suppose G is any real algebraic group, and H
an algebraic subgroup. Then K G is c-observable (resp. c-epimorphic) iff it is
observable (resp. epimorphic).

In his 1986 |.C.M. address [Zim1], Zimmer describes the program stated in the
first paragraph of this paper from a slightly different point of view. One generally
studies a groufs by examining its representations (or realizations) in some natural
classC of groups. For instance,  consists of endomorphism grou@ (V) of
finite-dimensional vector spaces, one obtains finite-dimensional linear representa-
tion theory. Infinite-dimensional unitary representation theory is another example.
In the Zimmer program, one considers a form of “geometric representation the-
ory”, where C consists of automorphism groups AMt, w) of various geometric
structures on manifolds. The aim is, of course, to discover interesting new infor-
mation onG, and to uncover parallels between the various representation theories.
The above Conjecture lies naturally in this context.
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0.2 Statement of results

The results in this paper include the following cases of the Conjecture.

Theorem 0.2. Suppose G is reductive. Then HG is epimorphic iff it is c-
epimorphic, under either of the following conditions:

1. (His big) H is normalized by a maximal split torus of G.

2. (Gissmall) GRG is a product of compacR-rank 1, and the followind-
rank 2 factors: Sk(R),Sp4,R),SQp,2),SU(p,2),SAp,2), or G (p> 2).

Theorem 0.3. Suppose G is reductive. ThenHG is observable iff it is c-observable,
under either of the following conditions:

1. (His big) H is of full rank in G (contains a maximal split torus of G).

2. (Gissmall) GRG = G/Z(G) is a product ofR-rank 1 or Sl3(R) factors.

The arguments actually apply under more general hypotheses which in par-
ticular show that Conjecture 0.1 is true for all known examples of epimorphic
subgroups of semisimpl&, and that two other conjectures on the structure of
epimorphic groups would prove Conjecture 0.1 in full generality.

0.3 Outline of paper and methodology

We start (Section 1) with basic properties of epimorphic and observable subgroups.

Then we study the local dynamics 8t, actions on manifolds in Section 2, with

a view to consequences for higher-rank semisimple groups. The principal results

of this section are Proposition 2.5, which shows that the Borel subgro@hyof

is c-epimorphic by playing off local dynamics versus linearity; and Theorem 2.9,

which shows that even nonlinear actionsSaf behave like linear representations

in a certain way, if merely their restriction to the upper unipotent subgroup is linear.
In Section 3.2 we combine these results with the structure theory of epimor-

phic subgroups of semisimple groups to prove the ‘Higcase of Theorem 0.2

with the extra hypothesis of semisimplicity (with no compact factorsoim the

rest of Section 3, we perform a series of Lie algebraic reductions to remove the

semisimplicity hypothesis 06, relax the “bigH” hypothesis to a type of epimor-

phic subgroup we catig-epimorphic, and deduce Theorem 0.3 from Theorem 0.2.

We conjecture that all epimorphic subgroups agespimorphic (which would im-

ply Conjecture 0.1 in full generality), and prove that this is so under the “d@&iall

hypotheses in Section 4 and Appendix A.



Throughout, the only relevant feature of affine connection preserving actions
is that the action of an isotropy subgroGg, linearizes in some neighbourhood of
the fixed pointm. The difference from the linear-representation picture is that the
linearization (i) is not global ifT My, and (ii) does not extend to all &. Since the
question is local, there is no need for the ergodic techniques typical of parts of the
Zimmer program, and thus hypotheses on the existence of an invariant measure or
on G having no compact factors are not necessary.

Somewhat analogous results, dealing with actions of epimorphic subgroups of
G on homogeneous spaded”, whereL > G andl" < L is a lattice, and with an in-
variant measure rather than a connection, have recently been obtained by S. Mozes,
N. Shah, and Barak Weiss [Moz, SW, Wei], using largely different techniques.

0.4 Examples

As orientation for the reader, we indicate a few (nonexhaustive) examples to which
our results apply in the cagg= SL3(R).

Example 0.4. The following are epimorphic and c-epimorphic ins8R):

1. H any parabolic subgroup.

a0 b
2.H:{ a 1/;2 }

ab c
3.H:{ 1 1?61 }

Example 0.5. The following are observable and c-observable in(@):

1. H any nilpotent, diagonalizable, or reductive subgroup.

1 b c
Z.H:{ Zl?a }

a b ¢
3.H:{ 1/ g }
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1 Preliminaries

1.1 Epimorphic and observable subgroups oveR or C

The notions of observable and epimorphic subgroups were introduced by Bialynicki-
Birula, Hochschild, Mostow, and Bergman in the 1960s and 1970s. More recent
work has been done by Bien and Borel (e.g., [BB1, BB3]) and Grosshans [Gro],
which are also comprehensive references.

We denoteH observable (resp. epimorphic) Giby H <o G (resp.H <¢ G).
The following properties are well-known and will be used freely in the sequel. We
concentrate on epimorphic subgroups, since they will drive the argument.

1. fH <H < GandH < GthenH’ <. G. If H <¢H' < GthenH <. G
2. H <¢ G iff the Zariski closure oH is epimorphic inG.

3. Parabolic subgroups are epimorphic. Solvable groups have no nontrivial
epimorphic subgroups.

4. If H <¢ GandG < G, thenH NG may not be epimorphic iG'. In partic-
ular, counterexamples exist whéh= R,G or R G (even wherG is reduc-
tive), or whenG' is a simple factor of a semisimp(a

5. However, ifG = (Gj); andH N G; <¢ G; for eachi, thenH <. G. ((-) denotes
the group generated by the indicated subgroups or subsets.)

6. Epimorphicity is preserved forwards but not backwards under group mor-
phims, e.g., projections.

7. If H <oH <o GthenH <, G. H <, Giff RH <, G.

(0]

. H <, Giff G/H is quasi-affine, i.e., is an open subset of an affine variety.



9. H <, G iff any finite-dimensional rational representationtéfcan be ex-
tended to a finite-dimensional representatioGpie., every finite-dimensional
rational H-module is anH-submodule of a finite-dimensional ration@t
module.

1.2 Epimorphic and observable subgroups oveR

Supposes is a real algebraic group artdl an algebraic subgroup. It is shown in
[BBHM, Theorems 5 and 6] thatl <, G iff H® C <, G® C iff H® <, G°. By
[BB3, Prop. 3.2 and 1.6], the same is true replacing “observable” with “epimor-
phic”.

Furthermore, to test fad <o G or H < G, whereH andG are defined over
any extension of), it suffices to conside@-representations dbg, and hence the
notation<, and<e, without specifying a base field, is unambiguous.

OverC, anyH <¢ G trivially contains a solvablél’ <¢ G, namely the Borel
subgroup ofH. Thus the study of epimorphic subgroups oéereduces to the
study of solvable ones. Ove&, the situation is more complicated, butGf is
semisimple with no compact factors, we may restrict to studfrgplit solvable
subgroups by the following:

Proposition 1.1. (Bien-Borel [BB1, BB3]) If H< G are complex algebraic groups,
k is a subfield of”, and G is generated by its unipotent k-subgroups, then there ex-
ists an k-split solvable H< H such that H <. G.

1.3 Observable hull

The following demonstrates how observability and epimorphicity are opposite and
complementary properties. A proof can be found in any of the general references
mentioned above.

Proposition 1.2 (Observable hull). Suppose H< G, overC or R. There is a
unique Zariski-closed subgroup L, called the observable hull of H, such that H
L <o G. Lis minimal such that K< L <4 G and maximal such that ke L < G. L
is defined over the same base field as H and G.

1.4 T-normalized epimorphic subgroups of semisimple Lie groups

The structure ofl -normalized epimorphic subgroups of semisimple Lie groups
overC has been studied by Pommerening, and Bien and BoreT;-tharmalization
hypothesis allows productive use of the language of roots and weights.



Proposition 1.3 ([Pom], also [BB1, BB3] and [Gro, Lemma 3.11]).

Suppose H<e G, where G is a semisimple Lie group o¥&rSuppose H is normal-
ized by T, and assume without loss of generality that H is solvable. TheisH
where S is a subtorus of T andd Uy is a unipotent group whose Lie algebra is
a direct sum of root spaces of T, namely- Py nq, such that

1. (T,U,U") = G; equivalently any root of G with respect to T is an integral
linear combination of ther € W; and

2. the only characteh of T, such tha{A,a) > O for all a € W and such that
A|S=0,isA =0.

Conditions 1 and 2 also imply epimorphicity bff, the principal ingredient in
the proof that condition 2 o8is sufficient being Corollary 2.8 in this paper.

Our companion paper [Per] deals with Proposition 1.3 in more detalil, in par-
ticular sharpening it to obtain a classification of Bfhormalized epimorphic sub-
groups ofSL,. (There are many nonconjugate classes, along the lines of Exam-
ple 0.4 (1) and (2), fon > 3.) For our present purposes, however, it suffices to
observe that in light of Proposition 1.1, the same conclusions apply in the case
whereG is a semisimple Lie group ové& with no compact factors.

Corollary 1.4. Assume the set-up of Proposition 1.3, and leb& the subtorus of
T with Lie algebrat’ = ([ng,n_q])acy. Thent= (¢ s) and(SU,U~) = G.

Proof. It suffices to prove the first conclusion. Supp@sbelongs to the orthogo-
nal complement oft’,s) = t' +s in t. LetA be the character df dual under-,-)
to D. By the choice oD, we haveA|S= 0 and(A,a) = 0 for all a € W. But then
A and henc® are 0, and so the conclusion is true. O

1.5 Classification of observable subgroups ovet

Let Q be stabilizer of a highest-weight vector in some irreducible representation of
G; suchQ are called quasi-parabolic (taking the trivial representation allQws

G). Itis clear thatQ <, G and furthermore any group< Q such thatR L < R Q

is observable i, SuchL are called subparabolic.

Proposition 1.5 ([Suk],[Gro, Sections 3 and 7]).All observable subgroups of a
reductive group are subparabolic.

Quasi-parabolics are in one-to-one correspondence with chargoterX§T)
of a maximal torus. The quasiparabolic corresponding i

Qy = (Ty,Uq | (X,@) > 0), whereT, = kerx.

We only make incidental use of this classification, in Section 4.4.
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1.6 Affine connections and actions

We will assume all group actions to &, i.e., their infinitesimal generators are
C' in local coordinates. All connections in this paper are affine, even if the word
“affine” is omitted.

Proposition 1.6. Suppose any group G acts on a manifold M preserving an affine
connection. If me M is fixed by G, the action locally linearizes, i.e., there is a
neighbourhood? of m and a local coordinate chag: Q — T M|y, under which

the G-action is the same as the induced stabilizer representat@nT M|m. This
means that the diagram

Q Y.

ml ltp

m(g)

commutes whenever it makes sense.

The local coordinates in the Proposition are given by the exponential map de-
fined by the connection. For details, see [Sza, Section 3.1].
1.7 Immediate consequences
Two of the four directions in Conjection 0.1 are immediate:
Proposition 1.7. Suppose G is ani-algebraic group.

1. If H <o G then H is c-observable.

2. If H < G is c-epimorphic, then K G.

Proof. If H is observable, it is the stabilizer of a vectoin some linear represen-
tation ofG onM = R" for somen. Since theG action is linear, it preserves the flat
connection orM.

For the second claim, since linear actions®hpreserve the canonical con-
nection,c-epimorphicity is clearly at least as stringent a condition as epimorphic-
ity. O

We remark that iH <, G, we can actually construct a compact manifold on
which G acts preserving a connection, such tHats a point stabilizer. Choose
M = R" as in the above proof and denote |lgyscalar multiplication by a positive



real numbex onM. LetM; = (M — {0})/ andMz = (M — {0}) /. These are
compact manifolds on whic acts preserving a connection, with pointse M;
with stabilizerH; = (H, ) andHz = (H, ). Now let G act onMj x My; the
stabilizer of(my, my) is H as desired.

The question of wheHl arises as the point stabilizer in a connection-preserving
action on aransitive M(= G/H) was considered by several authors in the 1950s
(see [KN, vol I, p. 190-200]). It was noted that a sufficient condition isHor
to bereductive in G i.e. for h to have an A@H )-invariant complementn in g.

In this case, the invariant affine connections®fH are in one-to-one correspon-
dence with AdH )-invariant bilinear formsn x m — m. This sufficient condition
includes in particular the case whins a reductive group (the simplest case in the
Sukhanov classification) but does not include the cast loéing a quasiparabolic
group, for instance the standard example of the stabiliz€i0of.,0,1) in the
standard transitive action &L,(R) onRR" — {0}.

Finally, we also note that the observable hull lets us concentrate on Theo-
rem 0.2 and prove Theorem 0.3 as a consequence: Suppdise-observable
(i.e., is a point stabilizer in an appropriate action) anits observable hull. Then
H <e L and thus, provided the relevant hypotheses apply, mepimorphic inL.

But sinceH is the actual point-stabilizeH = L and soH <, G.

2 Sly actions

In this section, we obtain restrictions &ip(R) actions with locally linearizable
stabilizers by playing off the linearization versus the local dynamics of the action.
We will later use these results to draw conclusions about the local dynamics of
higher-rank actions from examining embedded copieSlef

Throughout, letl be SL,, andKAN be the usual lIwasawa decompositionJof
with B= AN the upper triangular Borel subgroug: is the lower triangular unipo-
tent subgroup, opposite t. When necessary, we label the individual elements of
the standard one-parameter subgroups as follows:

ke = cosB  sinB (e and u— (Lt
~ \—sin® cosH/’ 8 = es)’ = 1/

2.1 Model actions

We will considerJ-actions modelled on the following two standard examples.
Example 2.1 (Orbit is J/N). Consider the standard Staction onR? — {0}, and
let D, X, and Y be the standard generatorsipfi, andn™ corresponding to g W,
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and the “lower-triangular opposite” of urespectively. The infinitesimal genera-
tors for this action have the form

_y9_,9
% yay’

0 d
#_ _— = _—
X _an, and Y¢ Xay'

D#
The action is transitive and the stabilizer of a pointXo, 0) is N. The orbit Am
is the x-axis and is fixed pointwise by N.

Suppose we now transform coordinate®hby a diagonal matriXQ. In the
new coordinates, the action of the matri€e,Y is by their respective conjugates
by Q. This amounts to scaling” by a some constaf, scalingY” by 1/C, and
leaving A* unchanged. Conversely, if¥, X* Y# are of this form for som€ + 0,
via a suitable choice dp we can transform to the ca€e= 1.

Example 2.2 (Orbit is J/B). Consider the fractional linear action of $lon the
circle S' = RU {0}, given by

a b . ax+b
c d/ 7 cx+d’
This action is again transitive, and the stabilizer of the pointrw is B. The N-

action on the rest of orbit is by translation d& In particular, if X m, then as
t — o0, kX — M.

2.2 B-fixed points areJ-fixed points

Lemma 2.3. Supposet: B — GL(V) is any continuous, finite dimensional repre-
sentation. Then each(w) is unipotent.

Proof. If Ttis assumed to be algebraic (rational), this follows from the preservation
of Jordan decomposition under morphisms of affine groups [Bor, 1.4.4(4)]. How-
ever, the hypothesis of rationality is not necessary, snggias = Ug 2, — |d as

S— 0, g contractsk. ThusTi(a_s)T(W)1(as) — Id and hencet(w) is contracted

as well. So all thet(u;) have all eigenvalues 1 and are unipotent. O

Lemma 2.4. Let Ti(w;) be a one-parameter unipotent representation on a finite
dimensional vector space V.1ifu;)v — 0 as t — oo, then v=10.

Proof. This is elementary linear algebra. Choose a basi¥feuch thatr(u) is
upper triangular. Let = (vi,...,vy) andt(u )v= (wi(t),...,wn(t)). Then

Wk(t) = Wk + fk(VkJrlv cee aVn;t)7
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where for each, f(-;t) is a linear function oV, and sof (0,...,0;t) = 0.

Now Wy(t) = Vi, SO sincewy(t) — 0, we must have, = 0. Thusw,_1(t) =
Vn-1+ fr1(0;t) = vo_1, and sincewn_1(t) — 0, vn—1 must be 0. Proceeding in
this fashion, we see that eagi(t) = v independent of and hencey must equal
0. Thusv=0. O

Proposition 2.5. Suppose J acts on M, mM is fixed by B, and the B-action
locally linearizes near m. Then m is a J-fixed point.

Proof. Linearize theB action neam i.e. choose coordinates in some neighbour-
hoodQ of msuch that thé action is given by thetB) action onT M, wherertis
the stabilizer representation.

Suppose € J does not fixmand letx = gmwith g € K. The orbitdm= Jxis
as in Example 2.2, and so fis» +o, ux — m. We shall suppose that for> 0,
WX remains inQ. Up to replacingk by u_¢, or x by uyx for at’ sufficiently large,
this is always the case.

Finally, letv be the vector il My, identified withx in M by the linearization.
The u action fort > 0 onx is them(w) action onv. By Lemma 2.31(w) is a
unipotent representation and so by Lemma 24,0 and thus<=m. O

2.3 Linear representations ofJ with N-fixed points

Above, we showed that (local) linearity of tiNeaction near a poinn with stabi-
lizer B was incompatible with the dynamics of thieaction onJ/B. Now suppose
m has stabilizeN. The standardN-action onJ/N described in Example 2.5
linear. We need to examine the structure of such actions in more detail.

The utility of this theory will be in analyzing the diagonal part of epimorphic
(andc-epimorphic) subgroups of higher-rank semisimple groups and algebras. To
facilitate this, we consider actions of the Lie algelradetermined by generators
D, X,Y and bracket relations

[D,X]=aX, [D,Y]=-a¥Y, [X,Y]=D.

Herea is positive constant. Each algebgas of course isomorphic to the standard
sl =jp. However the parameterarises naturally in embeddings 8E; in higher-
rank groups.

We start by recalling the (finite-dimensional) representation theosi pfvith-
out proof, modified to account for the parameteWe view the results somewhat
through the eyes of a differential geometer, in view of generalizing them in the next
section to actions which aeepriori only linear restricted tiN.

In this and the next section, we work over the base fietd R or C.
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Proposition 2.6.

1. The standard linear representationjgfon E = F? is given by the matrices

o~ ) x-( ) 7-(on )

The infinitesimal generators are thus (cf. Example 2.1)

0

0 0 0
D" = (a/25, ~ (0/2)yy. X'=yg. and ¥'=(af2)

X—.
oy

The action is transitive and the kernel of theaction (the set of N-fixed

vectors) is the x-axis, an A-invariant line.

Scaling the x- and y-coordinates does not change D, but multiplies X and Y
by constants which are reciprocals of each other.

2. There is a unique irreducible representationj@bn E = F"*1, which is the
nth symmetric power of the standard representation. Ordering and labelling
the basis vectors agpe= X", e, = x""1y, ..., & = y", we obtain that the
matrix of D is

D =Diag(na/2,(n—1)a/2,...,—na/2).

The matrices of X and Y are upper and lower off-diagonals; the precise
entries can again be varied by scaling the basis vectpr3 ke infinitesimal
generators can be read off as previously.

The kernel of thex-action is an A-invariant line W, namely thg-axis. D
acts on W with eigenvalueari2 > 0.

We remark that in the higher-dimensional irreducible representations, the ac-
tual Jy orbit J;W is a nonlinear 2-dimensional object whose linear span is all of
F"*+1. The action on this orbit may appear vastly nonlinear in very natural coordi-
nates. This is shown in the following:

Example 2.7. Consider the standard irreducible linear representationsf on
RR3, described by the embeddiig: sl> < sl3 given by

2 1
D= 0 . X= 2], vy=12

We haven = 2; the disposition of th@'s in X and Y is chosen for symmetry. The
A-invariant line W is the x-axis. The J-orbit JW is the right-angle cone which

13



contains the positivege and e-axes. It is described analytically by the equation
ef = 2ep6,. Off of the g-axis, N-suborbits consist of constantstices of the cone;
A-suborbits are constantreslices, and N -suborbits constantgsslices.

We of course have canonical coordinates on JW given by identification with
J/N. However, we also can take as coordinates on the orbit the(pgiez) (with
e = v/260&). In these coordinates, we have

d d d d
D¥ = 2ep— — 28—, X¥ = /260y — Y = \/2e0e0—.
eoaeD ezaez, eoezaeo,and eoezaez

In these coordinates,®and Y* are not linear, but O is.

Corollary 2.8 (Pommerening [Pom]). Let p be a finite-dimensional representa-
tion ofjq, and W a A-invariant line fixed pointwise by N. Lebe the eigenvalue
of the D action on W. Thekn> 0, withA = 0iff W is fixed by all of.

Proof. The representatiop must be a direct sum of irreducible representations,
and thusw is the span of they axis of some symmetric power of the standard
representation (or possibly in the span of €geaxes of several summands in the
case of higher multiplicity). In fach = pa /2, wherep is a positive integer strictly
less than the dimension pf

We haveh = 0 iff W is fixed pointwise byAN, in which case it is fixed point-
wise byJy since the parabolic subgrodN is epimorphic. O

Pommerening actually states the above result using the language of weights
of higher rank groups, as follows. Using the notation of Proposition 1.3, suppose
A is aT-weight of a representation @, andW the associated weight space (a
T-invariant line with eigenvalua). Letx € W be fixed byUy. The conclusion is
that(A,a) > 0. Our formulation is equivalent, sin¢&, a) is positive iff A(Dq) is.
Hence this is actually a rank-one result. Pommerening’s proof is via transitivity of
the Weyl group.

2.4 N-linear actions of J with N-fixed points

We now generalize the discussion above to action, @fy) which are not linear
representations, where we merely know khaction is linear. Our goal is the fol-
lowing, which essentially states that the action behaves like a linear representation
on the kernel (fixed point set) of thé-action:

Theorem 2.9 (“Representation theory” ofn-linear actions ofjy).

14



1. Supposéy acts transitively on E= F? such that N is the stabilizer of a
point me E. Suppose the-action on E is linear. Then, up to a transla-
tion and rotation of E, m lies on the x-axis#*% Cy(d/0x); and D¥|y_o =
(a/2)x(0/0x). By a further scaling of the axes, we can force-Q.

2. Supposéy acts on E= Fk+1 such that ther-action is linear. LetV be the
kernel of then-action. ThenV is an A-invariant linear subspace (after trans-
lation to pass through 0) on whiahacts linearly. Furthermore, the matrix
of D*|V diagonalizes and its eigenvalues are nonnegative real numbers, of
the form @ /2 where0 < p <k is an integer.

3. The conclusions of 1. and 2. remain true for the action,afda manifold M
(now overF = R), in local coordinatesp in a neighbourhood of an N-fixed
point me M, such that the N action is linear in terms @f

Of course, in any action the orbit of a point with stabilizét can be identified
with J/N (c.f. Example 2.1), and in those coordinates the conclusion of part 1 of
the Theorem are trivially true. The pointis that they remains true in any externally-
imposed coordinates in which timeaction remains linear. Alternatively, part 1 of
the Theorem states that we may not transform coordinaté en{0} = J/N in
any way such that both (i) theaxis is bent or the action on it stretched nonlinearly;
and (i) the globah action remains linear.

We start with the following trivial observation, which implies that in By
action the kernel of th&l-action isA-invariant, sinceA normalizesN:

Lemma 2.10. Suppose a group G acts on a set S, and a subgroup@ifixes an
element & S. Suppose Kk G normalizes H. Then the whole orbit Ks is pointwise
fixed by H.

Proof. Let x = ks for somek € K. SinceK normalizesH, Hx = Hks= kHs=

{ks} = {x}. O

Lemma 2.11. Supposeacts onF? such that N is the stabilizer of a point m and
acts linearly. Then (up to a rotation and translation), Am lies on the x axis and
X# = Cya%, for some nonzero constant C.

Proof. By the previous LemmaAmis pointwise fixed byN. Being the kernel of a
linear action, it a straight line. Rotate and translate so that it is (possibly an interval
on) thex-axis. By linearityX” is independent of.

To complete the proof, it suffices to show thét has no% component. Sup-
pose the contrary. Up to a further linear transformation preserving-theés, we
can forceX* to be parallel to thg-axis. Thus theN-orbits are of the forngx, R™),
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(x,R™), or the single pointgx,0), which constituteAm (If F = C, the first two
coalesce intgx, C — {0})).

Now lety : F2 — A be the projection onto theaxis in the above coordinates.
It has the dynamical interpretatiap(m) = lim;_...(exptX)m. In particular, there
must be points indm lying in =%(0), i.e. ka € KA so that lim_ .. Wka ¢ N.
However,

traceuikeas) = (62 + e ) cosd —te?sind 4 2 = tracéN)

unlesska= Id, a contradiction.
To seeC is nonzero, we remark thaéX,Y] = D, so if X* were 0, so would
D*. O

Lemma 2.12. Supposeg = (D, X) < jq, and thatby acts onF2 with X* = CyZ,
C a nonzero constant. LetD= P(x,y) 2 +Q(x, y)%. Then Q= Q(y) is a function
of y alone, @0) = 0, and Rx,0) = (Q/(0) 4+ a)x+C; for some constant{C

Proof. We obtain restrictions oB* by bracketing withX* and using[D¥, X#) =
—aX* (the sign change is due to actions being on the left). We obtain

oP, 0 0Q 0 0
(CQ-Cy—)~— —Cy—Q — = —O(Cy&. L

0x’ 0x ox oy
From the% coefficient in equation (1), it follows th%g =0and s = Q(y)
only. By continuity this is true even gt= 0.
From the% coefficient in equation (1), we obtain th@(0) = 0. Also, for

y#0,
oP

Yax = QW) +av.
For eachy, this is independent of. In particular, taking the limit ag — 0 by
L'Hospital’s rule, £ |y—o = Q(0) +a, giving the desired resuilt. O

Lemma 2.13. Supposéy acts onF? and Lemma 2.12 applies tg = (D, X). Let
Y# = R(x,Y) & +S(x.Y) & Then in fact Q0) = —a/2 and Rx,0) = CSx,0) =
(a/2)x+C; for some constantC

Proof. We proceed as in the proof of Lemma 2.12, but now also using the relation
[Y# X# = D* (since[X,Y] = D). Equatingaiy coordinates yields

—CY& =Q

16



from which we conclude (again via L'Hospital’s rule) that

0S
C& ‘yzo = _Q/(O)
Equatinga% coordinates yields
oR
C(S- YE) =P,

soP(x,0) = CSYx,0). Thus by Lemma 2.12,

oP 0S
QO)+a=o 4=Cq |, o=-Q(0)
implying Q'(0) = —a/2, and the result follows. O

Part 1 of Theorem 2.9 follows directly from the above Lemmas. The required
rotation and translation is that given by the Lemma 2.11 to ensares on the
x-axis, composed by a translation along #axis to eliminate the consta@} in
Lemma 2.12.

Lemma 2.14. Suppose 4 acts onF**1 so that the N action in linear. The kernel
V of then action is an A-invariant affine subspace. Up to a suitable translation, V
is a linear subspace on whichacts linearly.

Proof. We essentially repeat the above arguments, with more complicated notation
to allow for higher dimension.

By Lemma 2.10V is A-invariant. The linearity of thé&l-action implies that we
can without loss of generality consider coordinates

(Xl,---aXI>Y1a~-->Ym) = (X>y)

for F+1 such thaV is the hyperplang = 0. The argument of Lemma 2.11 applies
to show that we may tak&” = L(y) - % whereL(y) is a linear (matrix) function
of yanda% represents the vector % (If X* has a rotational component abat
we can ignore it since it leav&sinvariant.)

Now we repeat the proof of Lemma 2.12 with our “multi-"coordinatesnd
y. We obtain the following matrix equations, withandQ |- and m-vectors of
functions ofx andy such thaD* = P-9/dx+ Q- d/dy.

oP oL
&L = a—yQ+ oL
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and 50

&L =0.
SincelL is of full rank (otherwisé/ would be bigger), the second equation implies
Q=0Q(y) isindependent of. SincedL/dy is a constant matrix, the right hand side
of the first equation is independentxfThusoP/dx is also independent of and
P = dP/dx|y—o is a constant matrix. Finallp*|V = (Px+Cy) - 8/0x, whereC; is

a vector of constants which can be eliminated by a suitable translatdn of [

Lemma 2.15. The matrixP is diagonalizable ove€ and hence V is the direct sum
of A-invariant lines.

Proof. This is not completely automatic, since Jordan decomposition requires a
representation of a full semisimple group and we only have oddNafnV. How-
ever, it follows easily by harnessint in the spirit of Lemma 2.13.

We need to show that that the matfbof D*|V has no generalized (i.e., higher-
order) eigenspaces. It suffices to reach a contradiction in the casexvhéxe, x2)

and \
1
p:( A).

D# = P16/6x1+ P26/6x2+Q-a/6y,
X* = L1(y)0/0x1 + La(y) 9/0%2,
Y# = R16/6x1+ R26/6x2+8-6/6y.
As in the prior Lemmal.; andL, are linear functions of. LetL 1 andL » be their

derivatives; we may assume they are nonzero. As in Lemma 2.13, we must have
[Y#,X#] = D*. Equatingd/dx; andd/dx, coefficients we obtain

We thus take

Ry Ry
L1S—-Li——Ly——=P 2
1 Toxe  ax, — TV (2
R, R,
L.S—Li— —Ly——=P,. 3
2 Tox.  2ox, 2 (3

Now sety = 0; we haveP; = Axy + X2 andP, = Ax. But all but the first terms in
the left-hand sides of the above equations vanish, and in one case we obt&n that
depends om; and in the other that it does not, a contradiction. O

Lemma 2.16 (Analog of Corollary 2.8). Suppose 4 acts onFK*1, so that the N
action is linear. Suppose further that W is a A-invariant line of N-fixed points on
which A acts linearly. Lek be the eigenvalue of the D-action on W. Theh 0.
FurthermoreA = 0 iff W is pointwise fixed by all of,J
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Proof. Letme W. If mis fixed byAN then the result follows from Proposition 2.5.
If mis stabilized by precisely bid (or by N and a finite subgroup of), then
we can apply part 1 of Theorem 2.9 after choosing canonical local coordinates
(x,y) on Jym = F? — {0} in which theN action is linear. In these coordinates,
D* =P + Qg andD*|W = (a/2)x3.

Without loss of generality, suppose the ambient sgéte has coordinates
(eo,...,&) With W is being thesp-axis. TheN action, given by<*, is linear in these
coordinates as well. We hai¥ey = P%%’ + Q%%O. Lettingy = 0 andey = ep(X,Y)
we get

0ep
(G/Z)X& ‘y:O - )\a)(x, O)
This differential equation implies thap(x,0) = Cx?/@ = CxP for some powerp.
By a scaling transformation, we can assume @at1 and soep = xP + O(y).

We now show thap is a positive integer, implying = pa/2 > 0. We have

X#=yZ so
# -1
X*ep = ypx =t +O(y?).

(Note thatX"ey is the d/0ep component ofX¥; this is quite different fromx*
restricted to thexp-axis, which by construction is 0.) Up to a linear transformation
of coordinates of the’s, we may suppose that @coordinatesXfey = ey, i.e.
thate; = yxP~1. This includes a scaling to get rid of any multiplicative constant.
Repeating the argument to compute successXé, X*e,, ..., we obtain that

a=p(p—1)...(p—i+1yxP" + Oy

(again up to a linear transformation of coordinates), up to stmhwhich the right
hand side of this equation is 0. Since there is adgstamelye,_1, we must obtain
such a zero eventually, and panust be a positive integet k. O

In particular, this Lemma shows the eigenvalues are nonnegative real numbers,
and henc®*|V is diagonalizable oveR and part 2 of Theorem 2.9 follows.

To prove part 3, it merely remains to check the above arguments apply to local
actions which are nat priori valid outside some neighbourhood of an open region
containing arN-fixed point. The argument of Lemmas 2.12 through 2.14 carries
over without difficulty once Lemma 2.11 is established. Once this is done, we
know D*|V is linear on the open region and hence the local actio @an be
extended to a global one, and the rest of the argument makes sense. The only issue
in Lemma 2.11 is making sure the m@@oes not exit the region of definition. We
can ensure this by replacitg’ by —X* in the definition ofy) to ensure contraction,
if necessary.
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Itis not clear exactly how faralinearjq-action may stray from g -representation
away fromV = kerX*. Clearly some “local shearing” perturbations can take place
while maintaining the linearity determined by théslices”. However, the bracket
relations onX*,Y#, andD* impose restrictions of some sort (via partial derivatives
on the coefficient functions) on thg action everywhere.

Also, we have not made use of the relat{@, Y#] = aY# in the proof of The-
orem 2.9, since it yields no new information Bfi|V. It does impose conditions on
R(x,0) = Y#x|V; the conditions it imposes 0&x,0) = Y#y|V are already known
from [Y# X¥#] = D*.

3 Actions of larger groups

3.1 Parabolic subgroups

For completeness, we start by showing that parabolic subgroups of semisimple
groups arec-epimorphic. In this case we do not need any structure theory of epi-
morphic subgroups, nor the analysishfiixed points ofSL, actions we have de-
veloped.

Corollary 3.1. Suppose that G is a semisimple Lie group (with no compact factors)
acting on M, that me M is fixed by a parabolic P, and that the P-action locally
linearizes near m. Then m is a G-fixed point.

Proof. LetU = R,P andU~ = R,P~, whereP~ is the parabolic opposite. Sup-
posemis not fixed byG. Since(P,U~) = G, we can find @ € Uy (a < 0) which
does not fixm. LetJ = (Uq,U_q) be the copy ofSL, which intersectd in B,
and in whichg is lower-triangular. By Proposition 2.5 applied dpg fixesm, a
contradiction. O

By part 1 of Proposition 1.3, the same argument applies to epimorphic sub-
groups of semisimple groups containing a maximal torus.
3.2 T-normalized epimorphic subgroups

Let us use the notation of Proposition 1.3. The remaining issue is to show that if
is fixed byS, it is fixed by all of T. We need one trivial lemma:

Lemma 3.2. Suppose Pand D, are commuting elements of a Lie algebra acting
on R, with D‘f = (C1x+C3)% and @ = sza%, where G,C,,C3 are constants.
Then G =0.

20



Proof. This follows immediately from computin@p#, D], which must be 0 since
[D1,Dy] = 0. 0

Theorem 3.3. Suppose G is semisimple odemwith no compact factors, and H is
an epimorphic subgroup normalized by a maximal torus T of G. If G acts twice-
differentiably on M, H fixes a point m M, and the H-action locally linearizes in

a neighbourhood of m, then m is fixed by all of G.

Proof. The proof is a direct analog of the proof in [BB3] of the converse of Propo-
sition 1.3 in this paper, except instead of applying Corollary 2.8 to the whole space
of a linear transformation to shom is fixed by T, we instead apply Theorem 2.9

to the kernel of théd action.

In view of Proposition 1.3 and Corollary 1.4, we assume without loss of gen-
erality thatH = SUandG = (SU,U "), withU = Uy.

LetV be the kernel of thé&) action (the common kernel of tHé, actions),
which containan. SinceT normalizedJ, by Lemma 2.10Y is aT-invariant set.
Furthermore, there are local coordinageglid in a neighbourhood ahin which
¢@(V) is a linear subspace. We henceforth ogit

LetV’ c V be the kernel of thél action. We now apply Theorem 2.9 to each
ja = (ugq,u_q) for a € Y. Lett' be the maximal torus of the subalgebra generated
by all thejq’s, as in Corollary 1.4. We conclude thdt is an affine subspace on
which theT’ action is affine-linear. By definitiol’ is fixed by S. Thus in fact
the T action onV’ is linear after a suitable translation of coordinategjiio see
this we merely need to verify that we can simultaneously translate to remove the
constant$; at the end of the proof of Lemma 2.14, overalE W. This follows
from Lemma 3.2.

SinceT is commutative, we conclude further by Theorem 2.9YHas a direct
sum of eigenspaces ofwith real eigenvalues iX(T). Suppose now tha is a
T-invariant line inV’ and letA € X(T) be the eigenvalue. Part 2 of Theorem 2.9
implies that\(Dy) and hencéA,a) > 0 for alla € W. SinceW is fixed pointwise
by S A|S= 0 and hence by Proposition 18= 0 and sdV is fixed byT.

Thusmiis fixed byU — by Proposition 2.5, and so . O

3.3 ng-epimorphic subgroups
In the preceding argumeni;-normalization is used in two ways.
1. To latch into a structure theory for the solvable epimorphic

2. To show that th&’ action onV’ is (locally) linear.
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We now discuss how much further we can push the argument while weakening
this hypothesis, as well as the hypothesis fBdas semisimple with no compact
factors.

Definition 3.4. Suppose G is a real algebraic group andG. Call H ng
epimorphic(for normalized-generat@¢d H < G, and there exist semisimple sub-
groups 3,..., S, < G with no compact factors such that

1. H=HnNS <eSforeachi;
2. H is normalized by a maximal torus of 6r each i; and
3. (S,...,S,H) =C.

The following are immediate consequences of Theorem 3.3 and of the argu-
ment at the end of Section 1.7:

Corollary 3.5. Suppose G is a real algebraic group, H is an algebraic subgroup,
and H is ng-epimorphic in G. Then H is c-epimorphic.

Corollary 3.6. Suppose G is a real algebraic group and<G is an algebraic
subgroup. Suppose H is c-observable (in G) and let L be its observable hull. If H
is ng-epimorphic in L, then H is observable in G (anddL).

3.4 Example of ang-epimorphic subgroup

Example 3.7. ([Moz]) Consider the 3-dimensional subgroup 4 SL,, with Lie
algebra generated by

01
0 1 0o ... 1
X = U ,z=|0 0], and
0O 1
0
n-1
n—3
D=

1-n

D and X are the canonical basis for the image of the Borel subalgébra
slp in the standard irreducible representation of ;San R". Label this copy of
SL < SL, as J. Let N=exptZ. Since the representation giving J is irreducible,
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(J,N’) = SLy,. The constructed subgroup is ng-epimorphic since it intersects J in a
Borel subgroup and includes’Nt is, however, not T-normalized.

In SLg (c.f. Example 0.4 (3)), D, U, and Ualso generate a copy &f Sl, <
SLg with (J,J’) = SLs but this is no longer true in higher rank.

Largerng-epimorphic but norF-normalized examples can be generated along
the same lines by replaciddy higher-rank semisimple subgroupsand(expsD, exptX)
by an epimorphic subgroup @' normalized by a maximal torus &' (but not
necessarily a parabolic).

A similar construction to this example is used in [BB1, BB3] to show that any
semisimple group contains a 3-dimensional epimorphic subgroup and an analogous
argument shows this subgroupcigpimorphic.

Corollary 3.8. Any semisimple G with no compact factors has a three-dimensional
minimal algebraic c-epimorphic subgroup.

If Gis notSLy, there are no 2-dimensional epimorphic subgroups.

3.5 ng-epimorphic subgroups of nonsemisimplés

Proposition 3.9. Let G be a real algebraic group, and write € ZCSN, where

N = Ru(G), ZCS is a (reductive) Levi component=2R (ZCS the connected
center, C is compact semisimple, and S is semisimple with no compact factors.
Suppose K G. LetHh =HNSN. Then

1. Hy <eSN;
2. (SNH) =G; and

3. if H1 < SN is ng-epimorphic, then so isHG.

To prove this, we use two epimorphicity reduction results of Barak Weiss.

Proposition 3.10 ([Wei, Theorem 5]). Suppose H G are any algebraic groups.
Let & be the subgroup of G generated by unipotent elements, grd HiN Gg.
Then H<e G iff Hp <¢ Gg and G= HGg.

Proposition 3.11 ([Wei, Theorem 4]). Suppose H< G are algebraic groups. Let
Go = Nyex(6) ker(x) and Hh = H N Gp. Then H<e G iff Hy <¢ Gp and G= HGy.

Proof of Proposition 3.9.Let Gy be the subgroup d& generated by unipotent ele-
ments, and
Gi= () kerx)=SN
XEX(Go)
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LetH; = HNG;. By the above two results] <. Giff Hy <¢ G; and(Gs1,H) =G.
If H1 < G1 is ng-epimorphic withS,, ..., S, the requisite semisimple subgroups,
then (S,...,S,H) = (G1,H) = G and §,,...,S, apply to showH < G is ng-
epimorphic. O

By Proposition 1.1, we may suppobig is R-split solvable.

By Corollaries 3.5, 3.6, and Proposition 1.7, the following two Conjectures
together would prove Conjecture 0.1 in full generality.

Conjecture 3.12. Suppose H G, G= SN in the notation of Proposition 3.9.
Then H<. G iff HNS < S and G= SH, up to possibly replacing S by some
conjugate.

Conjecture 3.13. Suppose G is semisimple with no compact factors. ThenGi
is epimorphic iff it is ng-epimorphic.

These conjectures are true for all examples of epimorphic subgroups known to
the author. The remainder of the paper consists of proving the conjectures in the
cases covered by the hypotheses of Theorems 0.2 and 0.3. 16 #mdll” case,
this consists of computations in low rank which are the content of the Section 4
and Appendix A. For theM big” case, this is shown immediately below.

We remark that Bien and Borel have made various representation-theoretic con-
jectures on epimorphic subgroups, related to finite-dimensionality of induced rep-
resentations (see [BB3] and [BB2]). The above two conjectures are more combi-
natorial in nature, and do not obviously follow from theirs.

3.6 “H big” implies ng-epimorphic

If G is reductive, therN = 0 in the decomposition of Proposition 3.9. Thus if
H <e Gis normalized by a maximal split torus & H NS <¢ Sand is normalized
by a maximal split torus o®and hence is-epimorphic. This proves Theorem 0.2
in the “H big” case.

If H is c-observable and contains a maximal split torusGefthen by [Gro,
Lemma 3.10] the observable hidlof H is reductive. Thu#i is ng-epimorphic in
L and hence observable @ This proves Theorem 0.3 in thél“big” case.

In fact, the only obstruction to relaxing the conditioH ‘tontainsT” to “H
is normalized byT” in Theorem 0.3 is Conjecture 3.12, since by [Pom, Theorem
3.4], L is T-normalized wheneved is. In fact, in this casé& can be determined
precisely from information on which root spaces lieHn
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4 ng-epimorphic subgroups of low rank groups

4.1 Semisimple groups: rank 1 and reduction to simple

Let g = £ td n be the lwasawa decomposition, ahd- t$ n (since we may
assumeH is split-solvable without loss of generality). Let=n1 @ --- @ ngx and
t=1t1@--- @t be the decompositions along the simple factgys..,gn of g.
Denotes = hNt, u=hNn, uj = hNn; ands; = T5(s), the projection ontg;. The
motivation for selecting out these components, in particular the projectiai fer
apparent from the following example. With this notatibhjs T-normalized iff
is t-normalized.

a
ple, theu; and thes; are the upper-triangular and diagonal subalgebras in each
copy ofsl.

Example 4.1 ([Wei]). h = { (g _b> X <g Ca> } <e slp X slp. In this exam-

Lemma 4.2. If h <e g, then each of the; ands; are nontrivial.

Proof. Both t andn are nilpotent, hence observable, so if eithemadr s were
empty, h would have a nontrivial observable hull. Since the projectiof ohto
anyg; is epimorphic there, the conclusion about shéllows.

Now, t+ b is clearly epimorphic and-normalized, and so it must include
enough ofn so that together with the opposite roots it generates gl &ri partic-
ular, t+ b must nontrivially intersect eaal. Since each; is t-invariant,y; itself
must be nonzero. O

Lemma 4.3. Suppose eacl; has the property that all of its epimorphic subalge-
bras are ng-epimorphic. Thgnhas that property.

Proof. Let g{ = gi +s, which is the direct sum af; and a subtorus of Suppose
h <eg. Nowh = ginh =s @ is certainly epimorphic iy and(h); C h. Since
b includes all ofg] not ingi, b is ng-epimorphic and hence sofis O

Lemma4.4. If Gis of rank 1, any H<e G contains T.

Proof. tis one-dimensional and henge- t. O

4.2 Theslz case

Lemma 4.5. If h C g = sl3, thenp is epimorphic iff it is ng-epimorphic.
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Proof. It suffices to prove that if is in the upper triangular Borel subalgebra and
is not normalized by the maximal tortisthen it is as given in Example 3.7, up to
the 1's in the basis vectot being replaced by other nonzero entries.

To prove this claim, we observe that the unipotent paof h must have di-
mension 2, since if it had dimension 3 it would be normalized layd if it had
dimension 0 or 1 the observable hull would clearly be smaller $tarThe diago-
nal part ofhy must be a one-dimensional torsisvhich normalizes:. Letv € u be
an eigenvector fos. Since taking the Lie bracket withsse s multiplies the com-
ponent ofv in root space by the the root evaluatedpw has at most 2 nonzero
components. Thus if is not normalized by, u = g4 & Rv for some rootr and
some vectowr which intersects the other two positive root spaces.

Now u must be closed under the Lie bracket, and this impdies a3, the
highest root. Furthermore= ker(ai2 — a33) since it normalizes.. This proves
the claim.

We reprove thab is ng-epimorphic in the manner we shall generalize. There
iS a vectov_ € go1 @ gs2 such that'v,v_,s) is a copy ofsly, as is(gis, gs1,5). The
intersection ofy with each of these copies ef; is a Borel subalgebra and hence

epimorphic.
Finally, [v_,g13] C g12® go3 but is not spanned byw. Hence(v,v_,gi3) 2
g12® g23 and hence is all of. Thush is ng-epimorphic O

4.3 Other rank 2 groups

The above argument generalizes to the other rank 2 simple groups in the hypotheses
of Theorem 0.2. We outline the idea below; details, which culminate in a number
of case-by-case computations, are in Appendix A.

A subspace: of @ gq (0 # 0) may directly contain certain of the root spaces
ga- Call thesen’s contained roots afi. It will project nontrivially on certain other
ga'S; call thesea’s its hybridized roots. FoBls as aboveps is contained and
a12 andaos are hybridized. The subspaaes normalized byt iff there are no
hybridized roots.

One can develop a combinatorial calculus using the geometry of the root space
picture to find conditions on the hybridized and contained roots for the following
to hold about: andfh = s P u:

1. uis normalized by (a perpendicularity condition);
2. b is a subalgebra (arising from being closed under brackets);
3. b is ng-epimorphic (generalizing the use of the vectorin the sl3 case

above); and
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4. the smallest-normalized subalgebra containihds epimorphic.

Then case-by-case analysis shows that for the other rank 2 simple algebras, any
time the conditions of item 4 are satisfied (necessaty<. g), the conditions of
item 3 are also satisfied and sds ng-epimorphic.

4.4 Quasiparabolics inSLg

It remains to prove that epimorphic subgroups of observable subgroups of semsim-
ple Lie groups with rank 1 an8L3 factors areng-epimorphic.

First supposé& is a product of rank 1 factors. Then the quasi-parabolids of
(Proposition 1.5) intersect any simple factoi®in either a reductive group or in a
solvable one. Since solvable subgroups have no nontrivial epimorphic subgroups,
the result is trivially true.

Now supposé = Slz. We investigate the possible quasiparaboI)CST)( =
X(t)) =7 ®Z and we may take any € X(T) as a product (sum) of the linear
functionalsL, L, L3 which pick out the diagonal entries. Ld{ andd, be the
differences between the coefficientslafandL,, andL, andLs respectively. By
conjugation with the Weyl group, we may suppaked, > 0. Letqy be the Lie
algebra ofQy. Then

912D 923D 913 C qy.

We have 3 cases:

1. dy =dy» =0. Thengy = g. Observable subgroupsying in Qy are reductive
and we are done.

2. d; > 0 andd, > 0. Then no other root spaces liegp, soQ andL are both
solvable.L has no nontrivial epimorphic subgroups and we are done.

3. d» = 0 andd; > O (the opposite case is analogous). In this d@ges the
3-dimensional analogue to Example 2.1. An observabie Q must have
unipotent radical contained > @ g13.

Now supposeH < L in this casefy = s @ u, wheres is one-dimensional
with O as the first entry. Since the valueés) with a = a12,013,023 are
different, u is a direct sum of root spaces. di> @ go3 C u, thengiz C u
and the observable hull is nat If gi2 is not inu but go3 is, thenH is
generated by»3 and the standard copy &, in Q, which it intersects in a
Borel subgrouB. We apply our epimorphicity result 8, and we are done.
The remaining possibility i8 = g12® g13, Which is subparabolic and hence
observable, not epimorphic.

This concludes the proof of Theorem 0.3.
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A Other rank 2 simple groups

Here we provide the details omitted from Section 4.3.

Let g be a real rank 2 simple group, and suppase a subspace ofp gq,
the sum of the (nonzero) root spaces. For the moment, we suppose thaeach
is one-dimensional; we will remove this assumption later. We also supp@se
normalized by a fixed one-dimensional tosus t, i.e. [s,u] C u.

Call a specifia acontained roobf u if gq C u. Call (By,...,Bk) = (Bj)j=1,..k
hybridized rootof u if there exists a subspateC u such thay C @ gg,, but this
is not true if any of theB;’s are removed. The totality of afx arising (grouped
in parentheses in any way) as hybridized roots ard3thech thatt has a nontriv-
ial projection ontdf3; we are using this apparently unwieldy definition to capture
exactly which of the3 are “indecomposably” grouped together. For notational con-
venience we sometimes write a contained root singly in parentheses and call it a
“singly hybridized” root.

In this notation, the unique upper triangular nenermalized epimorphic sub-
group of SLg has(ai2, 023) as hybridized roots and; 3 as a contained root.

Lemma A.1. u is normalized by iff the lines joining the endpoints of any 2 hy-
bridized roots of: are parallel, and perpendicular te when the root diagram af
is embedded ifvia duality.

Proof. Supposer € @ gq. Write v= Y VqXq Where thex, are some basis vectors
for go andvy the components of with regards to this basis. Let t. Then

V] = 3 Va@(D)ke. @)

Thusv is an eigenvector fos iff a|s is the same for aléx for which vy # 0. In
particular, if (Bj); are some hybridized roots a the subspace af lying in
their direct sum, the¥ is normalized bys iff all B3j|s are the same. This is true
if all pairwise differences of th@; are 0 ons, which is equivalent to the given
perpendicularity condition. O

Lemma A.2. u is normalized byt iff there are no hybridized roots (other than
“singly hybridized”, i.e. contained ones).

Proof. By Lie bracketingu with all of t, we obtain all the root spaces onto which
u has a nonzero projection. Thusis normalized byt iff any hybridized root is
contained. O

Lemma A.3. Supposev C u is a one-dimensional subspace normalized snd
that o has hybridized root¢fj);. Then there is a one-dimensional subspace
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w_ C g_ which has hybridized root§—{;);, and such thafo,w_) is a copy
of sl containings, unlessw has a (single) contained rof and3 ands are per-
pendicular in the root diagram.

Proof. Since[gg, g_g| liesint, whatever are the componerig } s of thes-eigenvector
v € v, we can choose suitable coefficients for a vestorc ¢ —gg such that
[v,v_] € 5, unless the Lie bracket afwith @ —gg lies ins* C t, which can only
occur if there is only on@ and it is perpendicular te. If this is not the case, then
(v,v_,s) is a copy ofsl, as desired. O

Lemma A.4. Suppose has hybridized rootsa; ); and(f;); (we allow contained,
i.e. singly hybridized ones), thém u] has as hybridized roots; + 3; (for any i, j
for which this is nonzero), possibly partitioned into several parenthesized groups.

Proof. This is just a consequence of the fact tfiat gg] = g Or 0, extended by
linearity over vectors in hybridized root spaces. O

We will see that in the examples we need to compute, this partitioning into
parenthesized groups can be determined ad-hoc. The following is now immediate,
using Proposition 1.3 for item 3.

Proposition A.5. 1. If uis as-normalized subspace, the smallest subalgebra
containingu is the closure oft under the operation of Lemma A.4 (possibly
with s or t as an additional summand).

2. If h = s @ uis as-normalized subalgebra, the smallest subalgelyraon-
taining it which is normalized byis obtained by the following process:

(a) Replace any hybridized rodffs, ..., k) with contained root§s, . . ., B.
(b) Form the closure (as in item 1) to determideandb’ = s G .

3. If b is also epimorphic, then so Ig and hence the closure af +u’ is the
whole root diagram.

4. Letg’ be the closure off together with the following:

(@) (—Bj); as hybridized roots whenevetas hybridized root§3;);; and

(b) —a as a contained root whenevehasa as a contained root and is
not perpendicular ta.

If g’ = g, thenp is ng-epimorphic.
We conclude with one observation about the “partitioning” in Lemma A.4 in

the construction in item 4 in the Proposition.
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LemmaA.6. If (B;); are hybridized roots int and a is a contained root inu
such that{—f; +a} = {B;} (some permutation), then all tiflg are (individually)
contained roots iry'.

Proof. By Lemma A.4, thef3; are hybridized in(—pB;)j,g«]. However, in order
for [v,v_] € s, the coefficients of’_ have to be different than those wfind so if
X € ga, [V—,X] is not in the span of. Flipping back acrossand repeating this same
calculation iteratively, we eventually get that a full-dimensional subspacgypf
lies ing’ and hence th@; must be contained roots. O

We now claim that for the rank 2 exampBks(R), Sp4,R), SQp, 2), SU(p, 2),
Spp,2),orG; (p>2), we can verify via Proposition A.5 that anyvhich is closed
(item 1) is eitheng-epimorphic, o’ and hence: are not epimorphic at all. It suf-
fices to verify this foru lying in a standard Borel subgroup, i.e. in one half of the
root system diagram. Furthermotemust be at least 2-dimensional (to be epimor-
phic) and have some hybridized, non-contained roots (to bet-mammalized).

We have already seen the case sl3. In the language of this section, we need
consider only two cases, described as lying in the root system diageam (

1. u has two adjacent hybridized roots and a contained root adjacent to one of
them. This is not closed since by Lemma A.4 the “middle” root should be
contained, not hybridized.

2. u has two hybridized roots both adjacent to a contained root lying between
them. This isng-epimorphic (and is Example 3.7).

Supposg = sp(4,R). The root system diagram@ (= B, rotated (terminol-
ogy as in [Kna, p. 105 and 365]). Computation as above shows that in thisi case
must contain or have as hybridized roots two adjacent roots in the root system dia-
gram, and if they are both hybridized there must be a third hybridized or contained
root. If there are exactly two hybridized roots, then it is easy to chase through the
operations and find that if is epimorphic, thety is ng-epimorphic.

There is one possible case (up to rotation of the diagram) of 3 hybridized roots
(containing a 2 dimensional subspace) of three roots with collinear endpoints. In
this case, Lemma A.6 applies to show that the 2 roots perpendicular to the middle
hybridized one are contained, and this can be chased through to shotithat
againng-epimorphic.

Exactly the same argument now appliesgaf type G,, except that the 3 roots
with collinear endpoints of the diagra@p are replaced by 4 roots with collinear
endpoints, and if these are included the sum of the two middle ones is one of the

30



long roots in between. Clearlycannot consist only of long roots, and hence any
epimorphich is alsong-epimorphic.

We now treat the remaining cases. As discussed in [Fer, Ch. 7], these can
be treated in a unified manner &s(p,2)r whereF is one ofR,C,H. Letd =
dimg (). The (restricted) root system diagram(BC),, the union ofB, andC;.

Now, however, the root spaces of the short roots have dimensionEyyer— 2)d

and the root spaces of the medium roots have dimertsidie root spaces of the
long roots have dimension 1. Furthermore, sititereal, we can separate out the
short and medium roots spaces idttayers along the vector space structuréfof
overR in such a way that Lie brackets of vectors within one layer remain in that
layer. (The long root spaces belong to all layers.)

We now have to modify our development in this section to account for the
remaining multidimensional restricted root spaces. The crucial part is the equation
(4), in which we now have several different basis vectgrén go. However, the
coefficienta(t) will certainly be the same for all of them and the Lie bracket will
not mix across layers. This means that the rest of the development can be done
separately in each layer and for each of tpe- 2) dimensions in the root space
of a medium root within one layer. Since this is the case, it suffices to prove
ng-epimorphicity of all epimorphics in the abstract diagréBt;), ignoring the
additional dimensions.

In this diagram, in order to haué epimorphic, we clearly need at least some
(hybridized or contained) short roots, since the sum of only long and medium roots
is never short. As in the previous cases, f6to be epimorphic and fon to be
a subalgebra, at least two roots adjacent in the diagram must be hybridized or
contained. Analogous to the(4,R) = B, case, there are now two possibilities
for 3 hybridized roots, one with one short and 2 medium roots, and the other with
one medium and two long roots. Case by case analysis shows that if we have
hybridized and contained roots which yigfdepimorphic, ther is ng-epimorphic
as required.

We remark that in thel3(R) andsp(4,R) cases, though we have not taken the
time to state it, we have effectively classified all the possible algebraic solvable
epimorphic subgroups in the process of showing theyngrepimorphic. This is
not quite the situation in the higher-dimensional restricted root space case, since
we have sidestepped the issue of exactly how much of each root space must be
included to get an epimorphic subgroup, merely showing that if so, it is also enough
to make ithg-epimorphic. It is expected that the other exceptional restricted rank 2
simple algebras (see [Kna, p. 365]) could be dealt with a similar manner, assuming
a similar “layering” of the root spaces holds, such that the dimension of the root
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spaces decreases with increasing length of the root in the restricted root system

diagram.
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