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In a recentnote[2], I provideda theoreticalestimateof the effect on thepitch of a woodwind
instrumentcausedby the replacementof O2 by CO2 in the lungsof theplayerover thecourseof
a breath-phrase.I have sincelearnedthat this effect hasbeenstudiedexperimentallyby Fuks[1],
whoalsousesformulasafterNederveento estimateits magnitudetheoretically.

It appearsthat Nederveen’s formulasarevery similar to my own, thoughI have not seenthem
in their original form (or their derivation) at this time. However, their form in [1] may perhaps
not make obviouscertainfeaturesof the relationshipwhich may or may not have asof yet been
remarkedon.

In this additionalnote,I reformulatethe resultsof [2] from the moregeneralstandpointof the
effect of arbitrarysmallgasmixturechangeson thepitch of sound.I amomitting a derivationof
thesegeneralizationsin this preliminaryversion,pendingwhetherthis will be of any interestto
anybody. However, theessentialargumentsarepresentin [2] andtheonly additionalargumentis
someadditionalmathematics.

1. RESULTS

Briefly, smallgasmixturechangesresultin a pitch changewhich is approximatelylinear in the
magnitudeof themixturechange.This changeis independentof thebasepitch andof temperature
(providedthetemperaturesof theoriginalandtheresultantgasmixturesarethesame). It is caused
by changesin densityand(adiabatic)compressibilityof thegasmixture.

Supposea gasmixturehascomponentsGas1, Gas2, ����� , Gasn. A changein themixturecanbe
representedasa vector∆p � �

∆p1 � ����� � ∆pn � of differencesin molar fractionsof the components,
suchthat∑i ∆pi

� 0. Thenthepitchchange,providedall the∆pi are“small”, is

Pitch∆p
� Pitch0 � 865∑

i

∆pi
�
Xi � Yi � (in cents)

(All quantitieswith subscript0 referto thevalueof theoriginalgasmixture.) HereXi is a “density
adjustmentfactor”andYi is a“compressibilityadjusmentfactor”(my terminology)for Gasi relative
to theoriginalmixture.

Theabove set-uprefersto (small)adjustmentsin thebalanceof componentsalreadypresentin
themixture. We canusethesameformulato determinetheeffect of introducingsmallamountsof
additionalgasesor vapours(in thiscase∑i ∆pi 	 0), whichreduceexistingcomponentsproportion-
ately.

2. DETERMINATION OF Xi AND Yi

How dowefind theseadjustmentfactorsfrom elementarytheoreticalor experimentallymeasur-
able(andcommonlytabulated)propertiesof thegases?The“densityadjustmentfactor” is givenin
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termsof thedensitiesof thegasesor in termsof (average)molarweights:

Xi
� Di � D0

D0

� mi � mo

m0
�

The“compressibilityadjustmentfactor” is givenin termsof specificheatsor adiabaticconstants:

Yi
� �

CV � i�
CV � 0 �

�
CP � i�
CP � 0 ��
 γ0 � 1

γi � 1 � 
 1 � γi

γ0 � �
It couldalsobeexpressedin termsof (“average”)degreesof freedomin thekinetic-moleculartheory
of gases,thoughthis begins to deviate from experimentalthermodynamicresultsfor polyatomic
gases.For diatomicgasesrelative to amixtureof diatomicgases,Yi

� 0.

Otherrelevantpropertiesof thegasmixturecanbeexpressedvia theseadjustmentfactors(den-
sity, compressibility, bulk modulus,soundvelocity)

D∆p 
 D0
� �

1 � ∑
i

Xi∆pi ��� comp∆p 
 comp0 � �
1 � ∑

i
Yi∆pi ���

B∆p 
 B0
� γ∆p 
 γ0

� �
1 � ∑

i
Yi∆pi ��� v∆p 
 v0

� �
1 � 1

2 ∑
i

�
Xi � Yi � ∆pi � �

Thefirst two providetherationalefor my namingof Xi andYi.

3. VALUES FOR PULMONARY VERSUS TIDAL AIR

Supposethe initial mixture is atmosphericdry air, which is almostexclusively a mixture of
0 � 79diatomicN2 and0 � 21 diatomicO2 (refinementscouldbemadefor watervapourandthetrace
amountsof othergasespresent,particularlyargon.)ThenX

�
O2 � � 0 � 11,X

�
CO2 � � 0 � 53,Y

�
O2 � � 0

andY
�
CO2 � � 0 � 10. (Thevalueof Y for amonatomicgasis � 0 � 12. Thevaluepredictedby kinetic-

moleculartheoryfor a triatomicgaswouldbe0 � 12,slightly morethanactuallythatof CO2.)
In [2], the situationwasthat of ∆p

�
CO2 � � p and∆p

�
O2 � � � p, so thatultimately Pitch∆p �

Pitch0
� � 450p. Not knowing of any otherexperimentalresults,I usedp � 0 � 05 in keepingwith

normal(nonmusical)breathing.It appears[1] that for thedeeperandlongerbreathingassociated
with playingawind instrument,p increasesto aboutthisvaluein thecourseof thefirst few seconds
of abreath,but ultimatelyrisesup to about0 � 085in a very longbreath-phrase.

4. NONLINEARITY

The calculationsyielding the above equationsuseapproximationby differentialsandarethus
only approximatelyvalid, thoughthe quality is very goodif all �∆pi ����� 1. More precisely, the
degreeof the error in the approximationis given by the second-orderMeanValueTheorem,or
equivalentlycanbeestimatedby thesecond-ordertermin theTaylorexpansion.For pitch,this term
is � 432∑i

�
X2

i ∆p2
i � Y 2

i ∆p2
i � .

In thecasein [2], thisworksto � 131p2 cents(almostall thenonlinearitydueto X , notY ), which
meansthepitcheffect is on theorderof about“1 centmorethanlinear” at p � 0 � 085,lessthan1/3
centnonlinearat p � 0 � 05,but wouldbe5 centsnonlinearat p � 0 � 2.

A moresignificantimprecisionin applicationof the above results,whetherin the form of this
noteor of Nederveen,is expectedto bein accountingfor “missingmolar fractions”. Supposeit is
predictedthat a changeof the mixture ∆p shouldoccur, with ∑i ∆pi

� 0, andexperimentalmea-
surementsaretakento determinethe∆pi. For whaever reasons,theexperimentalvaluesmayhave
nonzerosum.Pluggingin theexperimentalvaluesinto theformulais consistentwith theinterpreta-
tion thatthe“excess”or “missing” gashasthesamecompositionastheoriginalgasmixture,which
mayberatherdubious.
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In my (currentlyincomplete)opinion, the formulasfor theseeffectsafterNederveenin [1] ul-
timately differ from thoseabove in only a few aspects.The principal is in the incorporationof
temperaturedifferences,which canbe taken careof separatelyvia the Ideal GasLaw. The Ned-
erveenformulastherearelinearizedaround0oC � 273oK, while in many cases(e.g.,woodwind
exhalationeffects) a basecloserto room or body temparaturewould be more precisesincethe
resultantnonlinearity(fortunatelynot propagated)is in excessof that dueto the gasmixture ap-
proximations.Furthermore,this makesthecalculationcorrespondingthereto

�
1 � ∑i Xi∆pi � here

becomeneedlesslycomplicated.Second,for reasonsmentionedabove,I preferto determineYi from
tabulatedspecificheator adiabaticconstantvaluesfor polyatomicgasesratherthanfrom degreesof
freedom.Bothof thesedifferences,however, haveminimaleffecton thenumericalresults.Finally,
the calculationcanbe continuedto seethe essentiallylinear effect on pitch, andto estimatethe
linearizationerror.
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