EFFECT OF SMALL GAS MIXTURE CHANGES OF PITCH OF SOUND
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In arecentnote[2], | provided a theoreticalestimateof the effect on the pitch of a woodwind
instrumentcauseddy the replacemenbf O, by CO; in the lungsof the playerover the courseof
a breath-phrasel have sincelearnedthat this effect hasbeenstudiedexperimentallyby Fuks([1],
who alsousesformulasafterNedeneento estimatets magnitudetheoretically

It appearghat Nedeneens formulasarevery similar to my own, thoughl have not seenthem
in their original form (or their derivation) at this time. However, their form in [1] may perhaps
not make obvious certainfeaturesof the relationshipwhich may or may not have asof yet been
remarledon.

In this additionalnote, | reformulatethe resultsof [2] from the moregeneralstandpoinibf the
effect of arbitrarysmall gasmixture changesn the pitch of sound.l am omitting a derivation of
thesegeneralizationsn this preliminaryversion,pendingwhetherthis will be of ary interestto
arybody. However, the essentiabrgumentsare presentn [2] andthe only additionalargumentis
someadditionalmathematics.

1. RESULTS

Briefly, smallgasmixture changesgesultin a pitch changewhichis approximatelylinearin the
magnitudeof the mixture change This changds independendf the basepitch andof temperature
(providedthetemperaturesf theoriginal andtheresultangasmixturesarethe same). It is caused
by changesn densityand(adiabaticxompressibilityof the gasmixture.

Suppose gasmixture hascomponent$ag, Gas, ..., Gas. A changen the mixturecanbe
representedsa vectorAp = (Aps,...,Apn) of differencesn molar fractionsof the components,
suchthaty; Ap; = 0. Thenthepitch changeprovidedall theAp; are“small”, is

Pitchyp = Pitchy — 8652 Api(X +Y) (in cents)

(All quantitieswith subscripi referto the valueof the original gasmixture.) HereX; is a “density
adjustmentactor”andy; is a“compressibilityadjusmentactor” (my terminology)for Gas relative
to theoriginal mixture.

The above set-uprefersto (small) adjustmentsn the balanceof componentslreadypresenin
the mixture. We canusethe sameformulato determinehe effect of introducingsmallamountsof
additionalgasesor vapourg(in this casey ; Ap; > 0), which reduceexisting componentgroportion-
ately.

2. DETERMINATION OF X; AND Yj

How do we find theseadjustmenfactorsfrom elementantheoreticabr experimentallymeasur
able(andcommonlytabulated)propertiesof the gasesThe“densityadjustmenfactor”is givenin
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termsof the densitiesof the gasesr in termsof (average)molarweights:
i—Do _ m—mo
Do mp
The“compressibilityadjustmentactor”is givenin termsof specificheatsor adiabatiaconstants:
Cv)i  (Cp)i Yo—1 Yi
Yi = - = 1-—).
" Gv)o (Crlo <Vi—1)< Vo)

It couldalsobeexpressedhn termsof (“average”)degreesof freedomin thekinetic-moleculatheory
of gasesthoughthis begins to deviate from experimentalthermodynamiaesultsfor polyatomic
gasesFor diatomicgaseselative to a mixture of diatomicgasesy; = 0.

Otherrelevantpropertiesof the gasmixture canbe expressedia theseadjustmentactors(den-
sity, compressibilitybulk modulus soundvelocity)

Dap/Do=(1+ 3 XAp),  compp/comp = (1+ 3 Ydp),
1 1

D
xi:

Bap/Bo=Yop/ o= (1= TYAR).  vao/io= (1= 5 3 (X +Y)Ap).

Thefirst two provide therationalefor my namingof X; andY;.

3. VALUES FOR PULMONARY VERSUS TIDAL AIR

Supposethe initial mixture is atmospheridry air, which is almostexclusively a mixture of
0.79 diatomicN, and0.21 diatomicO; (refinementgould be madefor watervapourandthetrace
amountof othergasepresentparticularlyargon.) ThenX (O;) = 0.11,X(C0,) = 0.53,Y(02) =0
andY(CO,) = 0.10. (Thevalueof Y for amonatomiayasis —0.12. Thevaluepredictedoy kinetic-
moleculartheoryfor atriatomicgaswould be 0.12, slightly morethanactuallythatof CO,.)

In [2], the situationwasthatof Ap(CO,) = p andAp(O2) = —p, sothatultimately Pitchyp —
Pitchy = —450p. Not knowing of any otherexperimentakesults,| usedp = 0.05 in keepingwith
normal (nonmusicalbreathing.It appeargl] thatfor the deeperandlongerbreathingassociated
with playingawind instrument p increaseso aboutthis valuein thecourseof thefirst few seconds
of abreath but ultimatelyrisesup to about0.085in a verylong breath-phrase.

4. NONLINEARITY

The calculationsyielding the above equationsuseapproximationby differentialsand are thus
only approximatelyvalid, thoughthe quality is very goodif all |Api| << 1. More precisely the
degreeof the error in the approximationis given by the second-ordeMean Value Theorem,or
equivalentlycanbeestimatedy the second-ordetermin the Taylor expansion For pitch, thisterm
is 4325 (X?Ap7 + Y7Ap7).

In thecasein [2], thisworksto —131p? cents(almostall the nonlinearitydueto X, notY), which
meanghe pitch effectis onthe orderof about‘l centmorethanlinear” at p = 0.085,lessthan1/3
centnonlinearat p = 0.05, but would be 5 centsnonlinearat p = 0.2.

A moresignificantimprecisionin applicationof the above results,whetherin the form of this
noteor of Nedeneen,is expectedio bein accountingor “missing molarfractions”. Supposet is
predictedthat a changeof the mixture Ap shouldoccur with ¥;Ap; = 0, andexperimentalmea-
surementaretakento determinghe Ap;. For whaever reasonsthe experimentalvaluesmay have
nonzercsum.Pluggingin theexperimentalaluesinto theformulais consistentvith theinterpreta-
tion thatthe“excess”or “missing” gashasthe samecompositionasthe original gasmixture,which
mayberatherdubious.
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In my (currentlyincomplete)opinion, the formulasfor theseeffectsafter Nedeneenin [1] ul-
timately differ from thoseabove in only a few aspects.The principal is in the incorporationof
temperaturalifferenceswhich canbe taken careof separatelyia the Ideal GasLaw. The Ned-
eneenformulastherearelinearizedaround0°C = 273K, while in mary casege.g., woodwind
exhalationeffects) a basecloserto room or body temparaturevould be more precisesincethe
resultantnonlinearity (fortunatelynot propagated)s in excessof thatdueto the gasmixture ap-
proximations.Furthermorethis makesthe calculationcorrespondindhereto (1 — 5; XAp;) here
becomeneedlesslgomplicated Secondfor reasonsnentionedabove, | preferto determiner; from
takulatedspecificheator adiabaticconstanvaluesfor polyatomicgasesatherthanfrom degreesof
freedom.Both of thesedifferenceshowever, have minimal effect on the numericalresults.Finally,

the calculationcan be continuedto seethe essentiallylinear effect on pitch, andto estimatethe
linearizationerror.
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